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Abstract
We consider a multitask estimation problem where nodes in a network are divided into several
connected clusters, with each cluster performing a least-mean-squares estimation of a different random
parameter vector. Inspired by the adapt-then-combine diffusion strategy, we propose a multitask diffu-
sion strategy whose mean stability can be ensured whenever individual nodes are stable in the mean,
regardless of the inter-cluster cooperation weights. In addition, the proposed strategy is able to achieve
an asymptotically unbiased estimation, when the parameters have same mean. We also develop an inter-
cluster cooperation weights selection scheme that allows each node in the network to locally optimize
its inter-cluster cooperation weights. Numerical results demonstrate that our approach leads to a lower
average steady-state network mean-square deviation, compared with using weights selected by various
other commonly adopted methods in the literature.
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2I. INTRODUCTION
Distributed learning and inference over multi-agent networks has been applied to a broad range of
applications like distributed localization, target tracking, spectrum sensing and adaptive learning [1]–[6].
Although centralized methods exploit more information aggregated from all the nodes (or agents) in
the network and may result in better performance, they suffer from some crucial limitations. In these
methods, nodes in the network send information to a central fusion center for processing, which leads
to high communication costs. More importantly, such methods are vulnerable to the failure of the fusion
center which may cause the collapse of the entire system. By contrast, in distributed adaptive networks,
the fusion center is no longer needed. Agents in the network process information locally, and exchange
summary statistics with their neighbors, so as to achieve better inference performance compared with the
case where each agent performs inference relying only on its own local data.
Various distributed solutions have been proposed in the literature, including incremental strategies [7]–
[9], and consensus strategies [10]–[12]. Compared with the previous two categories, diffusion adaptation
strategies [13]–[23] are advantageous under mild technical conditions [24]–[26]. Specifically, diffusion
strategies adopt constant step-sizes that endow the network with continuous adaptation and learning ability,
whereas the time-dependent or decaying step-sizes are usually used in the single time-scale consensus-
based counterparts to achieve consensus among nodes at the expense of adaptability to changing parameter
values. For tasks such as adaptive learning from streaming data under constant step-sizes, both mean and
mean-square stability of diffusion networks is insensitive to the choice of combination weights used for
scaling the information received at each node, and diffusion networks can achieve better steady-state
network mean-square deviation (MSD) than single time-scale consensus networks with constant step-
sizes [24]. It is also shown in [24]–[26] that consensus networks can become unstable even if all the
individual nodes are stable and able to solve the estimation task on their own.
Most of the abovementioned works on diffusion strategies assume that all the nodes in the network
share a single common parameter of interest. However, in practical multi-agent networks, different nodes
or clusters of nodes may have different parameters of interest [9], [27]–[31]. In some applications,
the parameters of interest at each node may be different or may overlap. The reference [9] considers
an estimation problem where each node estimates three categories of parameters: a global parameter,
parameters of local interest, and parameters of common interest to a subset of nodes. A similar nodes-
specific distributed estimation problem is solved by a diffusion-based strategy in [27], and is studied from
a coalition game theoretic perspective in [28]. In the work [29], the relationship between nodes-specific
estimation tasks are assumed to be unknown, and each node infers which parameters their neighbors
3are estimating in order to adjust their range of cooperation. In the aforementioned works, each node
only cooperates with other nodes that have common parameters of interest. In some other applications,
nodes may have different parameters of interest, which may be correlated with each other. For example,
each cluster of nodes may be tasked to track a particular target. In [31], nodes are not aware of whether
their neighbors perform the same task. To reduce the resulting bias, an on-line combination weight
adjustment scheme was proposed to cluster the nodes. By allowing inter-cluster cooperation, clusters can
achieve better performance than by operating independently of each other. To address this multitask-
oriented distributed estimation problem, [32], [33] propose a multitask diffusion adaptation strategy that
inherits the basic structure of the adapt-then-combine (ATC) strategy [14], and allows cooperation among
clusters by adding an additional `2−norm regularization to the ATC objective function. The reference
[34] uses `1−norm regularization to promote sparsity in the difference between cluster parameters. An
asynchronous network model for the multitask diffusion strategy is considered in [35], where nodes may
not update and exchange estimates synchronously. In the [33]–[35], the network MSD performance is
controlled by the regularization weight and the cooperation weights between clusters. However, how to
select these weights was left as an open problem. A heuristic adaptive method for selecting the inter-
cluster cooperation weights was proposed in [36]. How to choose the regularization and cooperation
weights in a rigorous optimal way has not been adequately addressed. In particular, we note that certain
choices of these weights may lead to worse-off performance of some of the clusters compared to the
non-cooperation case (see example in Section V).
In this paper, we consider a distributed multitask least-mean-square (LMS) estimation problem for
random parameters. Our main contributions are as follows:
• We propose a multitask diffusion strategy that incorporates an intermediate inter-cluster diffusion
combination step between the local update and the conventional intra-cluster diffusion combination
steps. This strategy combines the regularization weight and the inter-cluster cooperation weights in
[33]–[35] so that the network performance is now influenced by the inter-cluster cooperation weights
only, and tuning the regularization weight is no longer needed.
• We show that the mean stability of our proposed strategy can be achieved independent of the choice
of the inter-cluster cooperation weights, in contrast to [32], [33] whose stability depends on these
weights. This resembles the advantage of the ATC strategy versus the consensus strategy, where the
mean stability of ATC is not affected by the choice of combination weights [24]–[26]. In fact, the
conditions to guarantee the mean stability of our proposed multitask diffusion strategy is the same
as that of the conventional ATC diffusion strategies, which implies that as long as each node or
4each cluster is stable in the mean, then incorporating inter-cluster cooperation preserves the mean
stability of the network.
• We propose a centralized and a distributed inter-cluster cooperation weight optimization scheme to
optimize the steady-state network MSD performance. An adaptive online approach is also proposed
when certain statistics used in the optimization methods are not known a priori.
This work is a comprehensive extension of [37] which presents only the centralized and distributed
optimization schemes with limited performance analysis and experiment results.
The rest of this paper is organized as follows. In Section II, we introduce the network model and
problem formulation, discuss some prior works, and describe our proposed multitask strategy. In Section
III we examine the performance of the proposed strategy via mean and mean-square error behavior
analysis. In Section IV, we present optimization schemes to select the inter-cluster cooperation weights
and an adaptive implementation. Finally, numerical results and the conclusion follow in Sections V and
VI, respectively.
Notation. Throughout this paper, we use boldface characters for random variables, and plain characters
for realizations of the corresponding random variables as well as deterministic quantities. Besides, we use
upper-case characters for matrices and lower-case ones for vectors and scalars. For ease of comparison,
we also adopt similar notations used in [14], [33]. The notation 1N represents an N × 1 vector with all
entries being one, and IN is an N×N identity matrix. The vector 0M is an M×1 vector with all entries
being zero. The matrix AT is the transpose of the matrix A, λmax(A) is the largest eigenvalue of the
matrix A, and ρ(A) is the spectral radius of A. The operation A⊗B denotes the Kronecker product of
the two matrices A and B. The notation ‖·‖ is the Euclidean norm, ‖·‖b,∞ denotes the block maximum
norm [14], while ‖x‖2Σ , xTΣx for any column vector x and non-negative definite matrix Σ. We use
(xi)
n
i=1 to represent the sequence of vectors or scalars x1, . . . , xn, while (Ai)
n
i=1 represents the sequence
of matrices A1, . . . , An. We also use [xi]ni=1 to denote the matrix [x1, . . . , xn]. We use diag {·} to denote
a matrix whose main diagonal is given by its arguments, and col {·} to denote a column vector formed
by its arguments. The notation vec(·) represents a column vector consisting of the columns of its matrix
argument stacked on top of each other. If σ = vec(Σ), we let ‖·‖σ = ‖·‖Σ, and use either notations
interchangeably. In addition, we use x ≥ y to represent entry-wise inequality between vectors x and y,
and | · | is the number of the elements of its set argument.
II. PROBLEM FORMULATION AND MULTITASK DIFFUSION
In this section, we first present our network and data model, give a brief overview of the multitask
diffusion strategy proposed by [33], and finally present our proposed multitask diffusion strategy.
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Fig. 1: An example of a clustered multitask network with three clusters depicted in red, blue, and green circles,
respectively.
A. Network and Data Model
We consider a distributed adaptive network with N nodes (see example depicted in Fig. 1). The network
is represented by an undirected graph where the vertices denote the nodes, any two nodes are said to be
connected if there is an edge between them. The neighborhood of any particular node k is denoted by
Nk, which consists of all the nodes that are connected to node k, and node k itself. Since the network
is assumed to be undirected, if node k is a neighbor of node ` then node ` is also a neighbor of node k.
Without loss of generality, we assume that the network is connected.
In the context of multitask learning over clustered networks, nodes are grouped into P clusters, each
belonging to a unique cluster (as illustrated in Fig. 1). Let the clusters be indexed by P , {1, 2, . . . , P}.
Each cluster Cp, p ∈ P , aims to estimate an unknown parameter vector w◦Cp ∈ RM×1. For a node k
belonging to a cluster Cp for some p ∈ P , we use C(k) to refer to this specific cluster. The intra-cluster
neighborhood NC,k consists of all the neighboring nodes that belong to the same cluster as node k,
which includes node k itself. The inter-cluster neighborhood NI,k consists of neighboring nodes of k
that belong to clusters different from C(k). We have
NC,k = Nk ∩ C(k), (1)
NI,k = Nk\C(k), (2)
6and
NC,k ∪NI,k = Nk, (3)
NC,k ∩NI,k = ∅. (4)
In this paper, we suppose the parameters w◦Cp , p ∈ P , to be random and correlated with each other.
This is in contrast to most of the literature [14], [25], [33], which assume that parameters of interest are
deterministic. Thus, our objective is then to characterize the expected network estimation performance,
where the expectation is not only taken over the random realizations of the data and noise, but also the
random parameters. Although [38] also assumes that parameters are random and follow a random walk
model, the network considered is of single-task, namely every node in the network estimates the same
parameter of interest.
For a node k ∈ Cp, let w◦k = w◦Cp . At each time instant i ≥ 1, each node k observes a scalar random
variable dk,i ∈ R, and a random vector uk,i ∈ RM×1.1 The observations of node k are related to w◦k via
the linear regression model:
dk,i = u
T
k,iw
◦
k + vk,i, (5)
where vk,i is a zero-mean random noise. Note that although w◦k is random, for our steady-state analysis,
it does not change over the time instants i. We make the following assumptions.
Assumption 1. The regression process {uk,i} is zero-mean, spatially independent and temporally white.
The regressor uk,i has positive definite covariance matrix Ru,k = Euk,iuTk,i.
Assumption 2. The noise process {vk,i} is spatially independent and temporally white. The noise vk,i
has variance σ2v,k, and is assumed to be independent of the regressors u`,j for all {k, `, i, j}.
Assumption 3. The parameters of interest {w◦k}Nk=1 are independent of {u`,i,v`,i} for all {k, `, i}.
In this paper, we assume that all the cluster parameters take values from the same compact space
W , and we do not have any prior information about their distributions. Therefore, we assume that the
cluster parameters are uniformly distributed over W , and thus have the same mean. An example is when
clusters are assigned to track different targets, which may appear randomly within a specified region. The
assumption that cluster parameters have the same mean can also model the case where we know a priori
the mean of each cluster parameter so that this can be subtracted out from the data model (5). For example,
1Throughout this paper, all vectors are column vectors.
7a cluster may be assigned to monitor a specific sub-region of interest, and a target may appear within
that sub-region with some known distribution. Therefore, we make the following assumption throughout
this paper.
Assumption 4. Let w◦ = col
{
(w◦k)
N
k=1
}
. We assume that all the random parameters {w◦k}Nk=1 have the
same mean w, i.e., Ew◦ = 1N ⊗ w.
Let the second-order moment of w◦ be
Rw = Ew◦w◦T . (6)
Note that the parameters {w◦Cp}p∈P may be correlated in general. For example in the aforementioned
target tracking problem, if each cluster is tracking a different target and the targets are moving in tandem
with each other, then the cluster parameters are correlated with each other. Likewise, when the temperature
of an area needs to be estimated, the temperature of each position can be different but correlated with
each other. It is thus beneficial to seek cooperation between different clusters by allowing nodes in
different clusters to exchange information with each other. We seek an inter-cluster cooperation scheme
that minimizes the network MSD on average over all realizations of the cluster parameters. As will
become obvious in the sequel, the optimal inter-cluster cooperation depends on Rw. We will first assume
that the correlation matrix Rw is known a priori, and then provide an adaptive implementation that
estimates Rw in each time step.
B. Multitask Diffusion Strategy with Regularization
Conditioned on wC(k) = wC(k) for all k, in [33], each node k in cluster C(k) is associated with the
following local cost function:
(7)Jk
(
wC(k)
)
= E
[∣∣dk,i − uTk,iwC(k)∣∣2∣∣∣wC(k) = wC(k)]+ η ∑
`∈NI,k
ρ`k
∥∥wC(k) − wC(`)∥∥2 ,
where η and {ρ`k} are non-negative regularization weights. To minimize the sum of the local cost
functions in (7), the work [33] proposes a multitask diffusion LMS strategy (MDLMS) which takes the
following form: 
ψk,i = wk,i−1 + µkuk,i(dk,i − uTk,iwk,i−1)
+µk
∑
`∈NI,k
ηρ`k (w`,i−1 −wk,i−1)
wk,i =
∑
`∈NC,k
a`kψ`,i
(8)
8where µk is a constant step-size and the scalar intra-cluster combination weights {a`k} satisfy
a`k ≥ 0,
∑
`∈NC,k
a`k = 1, a`k = 0, if ` /∈ NC,k. (9)
Likewise, the scalar inter-cluster cooperation weights {ρ`k} satisfy
ρ`k ≥ 0,
∑
`∈NI,k
ρ`k = 1, ρ`k = 0, if ` /∈ NI,k, (10)
Compared with the local update equation of the ATC strategy [25], the additional third term on the
right-hand side (R.H.S.) of the first update equation of (8) is introduced to extend the cooperation to
between clusters by taking the estimates w`,i−1 from neighboring nodes in different clusters. Thus, more
information is utilized during distributed adaptation, and the network estimation performance could be
improved by proper selection of η and {ρ`k}. In [33], the inter-cluster cooperation weights are chosen
to be
ρ`k =
|NI,k|
−1, if ` ∈ NI,k,
0, otherwise,
(11)
for ease of implementation. No method has been proposed in [33] to find the best cooperation weights.
We will refer to (11) as the inter-cluster averaging rule in the sequel.
C. Proposed Multitask Diffusion Strategy with Adaptation before Inter-cluster Cooperation
In this subsection, we propose a multitask diffusion strategy that performs adaptation before inter-
cluster cooperation. We show in Section III that our proposed strategy can achieve asymptotically unbiased
estimation and mean stability irrespective of the inter-cluster cooperation weights under the assumptions
in Section II-A.
Conditioned on wC(k) = wC(k) for all k, we consider the same local cost function in (7). Proceeding
in a similar fashion as (8), we can rewrite the first equation of (8) as:
ψk,i = wk,i−1 + µkuk,i(dk,i − uTk,iwk,i−1),
φk,i = ψk,i − µk
∑
`∈NI,k
ηρ`k(wk,i−1 −w`,i−1).
(12)
Since the value ψk,i is the updated local estimate and thus a better estimate for w◦k than wk,i−1 [14] ,
we use ψk,i and ψ`,i to replace wk,i−1 and w`,i−1, respectively in the second equation of (12). Let
g`k = µkηρ`k, if ` ∈ NI,k,
gkk = 1− µk
∑
`∈NI,k
ηρ`k. (13)
9These eliminate the redundant degree of freedom offered by η which complicates the optimization of the
inter-cluster cooperation weights {ρ`k} in (10). We obtain the following Multitask Adapt, Inter-cluster
cooperation, and then Combine (MAIC) diffusion strategy:
ψk,i = wk,i−1 + µkuk,i(dk,i − uTk,iwk,i−1)
φk,i =
∑
`∈N+I,k
g`kψ`,i
wk,i =
∑
`∈NC,k
a`kφ`,i
(14)
where N+I,k = NI,k ∪ {k} and the inter-cluster weights {g`k} satisfy
g`k ≥ 0,
∑
`∈N+I,k
g`k = 1, g`k = 0, if ` /∈ N+I,k. (15)
Let G be a matrix with the (`, k)-th entry being g`k. Then, from (13), the matrix G is left-stochastic, i.e.,
GT1N = 1N . The proposed diffusion strategy (14) is in the same spirit as the ATC diffusion strategy,
which performs adaptation at each node before combining information from neighboring nodes. Similarly,
MAIC first performs adaptation, before cooperatively integrating information from neighboring nodes not
within its cluster. Finally, it performs combination of information from neighboring nodes within its own
cluster.
III. PERFORMANCE ANALYSIS
In this section, we study the error behavior of the proposed MAIC diffusion strategy, in terms of
steady-state mean and mean-square performance. We derive sufficient conditions for mean stability and
mean-square stability, and the steady-state network MSD. For ease of reference, we summarize the
commonly used symbols in Table I.
A. Network Error Recursions
We first derive the recursive equations for various error vectors required for our stability analysis. The
error vectors for each time instant i at each node k are defined as
ψ˜k,i = w
◦
k −ψk,i,
φ˜k,i = w
◦
k − φk,i,
w˜k,i = w
◦
k −wk,i. (16)
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TABLE I: Definitions of commonly used symbols.
Symbol Equation
A = A⊗ IM (24)
G = G⊗ IM (22)
Ru,i = diag
{
(uk,iu
T
k,i)
N
k=1
}
(28)
Ru = ERu,i = diag
{
(Ru,k)
N
k=1
}
(35)
M = diag {(µkIM )Nk=1} (29)
S = diag {(σ2v,kRu,k)Nk=1} (41)
Bi = ATGT (IMN −MRu,i) (27)
B = EBi = ATGT (IMN −MRu) (33)
E = E [BTi ⊗BTi ] (48)
F = BT ⊗ BT (53)
Rw = Ew◦w◦T (6)
Rw,`k = Ew◦`w◦k
T (65)
Ωa,k = diag
{(
µ2σ2v,` Tr(Ru,`)
)
`∈N+
I,k
}
(68)
Ωb,k = E[W Tk Wk] (69)
Wk = [w
◦
` ]`∈N+
I,k
(70)
nk = |N+I,k| (71)
We collect the iterates ψ˜k,i, φ˜k,i, w˜k,i across all nodes as:
ψ˜i = col
{
(ψ˜k,i)
N
k=1
}
,
φ˜i = col
{
(φ˜k,i)
N
k=1
}
,
w˜i = col
{
(w˜k,i)
N
k=1
}
. (17)
Subtracting both sides of the first equation of (14) from w◦k, and applying the data model (5), we
obtain the following error recursion:
ψ˜k,i =
(
IM − µkuk,iuTk,i
)
w˜k,i−1 − µkuk,ivk,i. (18)
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Note that the second equation of (14) can be expressed as,
φk,i = gkkψk,i +
∑
`∈NI,k
g`kψ`,i. (19)
Similarly, subtracting both sides of the above equation from w◦k leads to
(20)
φ˜k,i = gkk (w
◦
k −ψk,i) +
∑
`∈NI,k
g`k (w
◦
` −ψ`,i +w◦k −w◦` )
=
∑
`∈N+I,k
g`kψ˜`,i +
∑
`∈N+I,k
g`k (w
◦
k −w◦` )
Relating the above equation with the second line of (17) gives
φ˜i = GT ψ˜i +
(
IMN − GT
)
w◦, (21)
where
G = G⊗ IM . (22)
Then, subtracting the third equation of (14) from w◦k and using (17) we have
w˜i = AT φ˜i, (23)
where
A = A⊗ IM . (24)
Now, substituting (21) into the equation (23) yields
w˜i = ATGT ψ˜i +AT
(
IMN − GT
)
w◦. (25)
Finally, substituting (18) into the above expression we arrive at the following error recursion:
w˜i = Biw˜i−1 − si + r, (26)
where
Bi = ATGT (IMN −MRu,i), (27)
Ru,i = diag
{
(uk,iu
T
k,i)
N
k=1
}
, (28)
M = diag {(µkIM )Nk=1} , (29)
si = ATGTM col
{
(uk,ivk,i)
N
k=1
}
, (30)
r = AT (IMN − G)Tw◦. (31)
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B. Mean Error Analysis
Suppose Assumptions 1-3 all hold, then by taking expectation on both sides of (26), we obtain:
Ew˜i = BEw˜i−1 + r, (32)
where
B = EBi = ATGT (IMN −MRu), (33)
r = Er = AT (IMN − G)TEw◦, (34)
and
Ru = ERu,i = diag
{
(Ru,k)
N
k=1
}
. (35)
Theorem 1. (Mean stability) Suppose that Assumptions 1-3 hold. Then, MAIC is stable in the mean if
the step-size µk is chosen such that
µk <
2
λmax(Ru,k)
. (36)
Furthermore, if Assumption 4 also holds, then MAIC is asymptotically unbiased.
Proof: See Appendix A.
From Theorem 1, we see that condition (36) is also the one that ensures the mean stability of a single
node in the non-cooperative case [24]–[26]. Therefore, if individual nodes are stable in the mean, the
network that applies MAIC is also stable in the mean as well. By contrast, even though every individual
node is stable in the mean in the non-cooperative case, MDLMS is not guaranteed to be mean stable
since its mean stability depends on the regularization weight η [33].
C. Mean-Square Error Analysis
We next study the mean-square stability of the proposed MAIC strategy, under the Assumptions 1-3.
From the error recursion (26), we have for any compatible non-negative definite matrix Σ,
(37)‖w˜i‖2Σ = w˜Ti−1BTi ΣBiw˜i−1 + sTi Σsi + rTΣr + 2rTΣBiw˜i−1 − 2w˜Ti−1BTi Σsi − 2sTi Σr,
where matrix Bi is given in (27). Taking expectation on both sides of the expression (37), the last two
terms of (37) evaluate to zero according to the Assumptions 1-3, therefore we have the following variance
relation:
(38)E ‖w˜i‖2Σ = E ‖w˜i−1‖2Σ′ + E ‖si‖2Σ + E ‖r‖2Σ + 2E(rTΣBiw˜i−1),
where
Σ′ = E
[BTi ΣBi] . (39)
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Letting σ = vec(Σ) and evaluating the second term of the R.H.S. of (38), we have
E ‖si‖2Σ = ETr
(
sis
T
i Σ
)
= Tr
[(
EsisTi
)
Σ
]
= Tr
(ATGTMSMGAΣ)
= vec
(ATGTMSMGA)T σ, (40)
where
S = diag {(σ2v,kRu,k)Nk=1} , (41)
and the equality (40) follows from the identity Tr(AB) = vec(AT )T vec(B). Using a similar argument,
we also have
E ‖r‖2Σ = vec
[AT (IMN − G)TRw(IMN − G)A]T σ. (42)
As for the last term of (38), we obtain
E
[
rTΣBiw˜i−1
]
= E
[
vec
(
rTΣBiw˜i−1
)]
= E
[
(Biw˜i−1)T ⊗ rT
]
σ (43)
= E [(Biw˜i−1)⊗ (IMN · r)]T σ
= [E(Bi ⊗ IMN )E(w˜i−1 ⊗ r)]T σ (44)
= [BIE(w˜i−1 ⊗ r)]T σ, (45)
where
BI = E(Bi ⊗ IMN ) = B ⊗ IMN . (46)
We have used the identity vec(AXB) = (BT ⊗A) vec(X) to obtain (43), and (44) follows from identity
(AC)⊗ (BD) = (A⊗ C)(B ⊗D). Let σ′ = vec(Σ′), so that from (39), we have
σ′ = Eσ, (47)
where
E = E [BTi ⊗BTi ]
= [IM2N2 − IMN ⊗MRu −MRu ⊗ IMN + (M⊗M)E (Ru,i ⊗Ru,i)] GA ⊗ GA. (48)
From (38), (40), (42), (45), and (47), we obtain
E ‖w˜i‖2σ = E ‖w˜i−1‖2Eσ + [fa + fb + fc,i−1]T σ, (49)
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where
fa = vec
(ATGTMSMGA) , (50)
fb = vec
[AT (IMN − G)TRw(IMN − G)A] , (51)
fc,i−1 = 2BIE(w˜i−1 ⊗ r). (52)
The following result follows almost immediately.
Theorem 2. (Mean-Square Stability) Suppose that Assumptions 1-3 hold, and the matrix B is stable,
i.e., ρ(B) < 1. Then, MAIC is stable in the mean-square sense if and only if the matrix E is stable (i.e.,
ρ(E) < 1).
Proof: See Appendix B.
To obtain the steady-state network MSD using E directly makes the analysis intractable. Therefore,
in the following, we derive an approximation for E , and use that to derive an approximation for the
steady-state network MSD. This approach follows the practice commonly adopted in various works like
[13], [14], [33] when analyzing mean-square stability of diffusion strategies. Recalling (33), we let
F = BT ⊗ BT
= [IM2N2 − IMN ⊗MRu −MRu ⊗ IMN + (M⊗M) (Ru ⊗Ru)] GA ⊗ GA. (53)
Comparing (48) and (53), we see that E − F = O(M2) and
E ‖w˜i−1‖2Eσ = E ‖w˜i−1‖2Fσ +O(‖M‖2)E ‖w˜i−1‖2σ . (54)
When the recursion (49) is stable, i.e., MAIC is mean-square stable, the last term in (54) is negligible when
the step-sizes {µk}Nk=1 are chosen to be sufficiently small since E ‖w˜i−1‖2 is bounded. Therefore, by
adopting the approximation E ≈ F , we have E ‖w˜i−1‖2Eσ ≈ E ‖w˜i−1‖2Fσ, and the following approximate
recursion relationship
E ‖w˜i‖2σ = E ‖w˜i−1‖2Fσ + [fa + fb + fc,i−1]T σ. (55)
The above recursion (55) is mean-square stable if and only if F is stable, which is achieved if and only
if B is stable as ρ(F) = ρ(B)2. We have from (55),
lim
i→∞
E ‖w˜i‖2(IM2N2−F)σ = [fa + fb + fc,∞]
T σ, (56)
where
fc,∞ = 2
[B(IMN − B)−1 ⊗ IMN] fb, (57)
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which is obtained by substituting (88) in Appendix C into (52). By choosing σ = (IM2N2−F)−1 vec (IMN ) /N ,
the steady-state network MSD,
ζ = lim
i→∞
1
N
E ‖w˜i‖2 , (58)
can be approximated as
ζ ≈ 1
N
[fa + fb + fc,∞]T (IM2N2 −F)−1 vec(IMN ). (59)
IV. OPTIMIZING THE INTER-CLUSTER COOPERATION
In this section, we formulate an optimization problem to obtain the inter-cluster cooperation weights
that minimize an upper bound of (59). For simplicity, we assume uniform step-sizes, i.e., µk = µ for all
k, throughout this section. We show that this problem is decomposable into local optimization problems
at each node, and we provide an adaptive implementation of our approach.
The averaging rule (11) associates identical weights for inter-cluster cooperation regardless of the noise
and data profiles across the nodes as well as the correlation between cluster parameters. Although the
MSD performance of clusters with highly correlated parameters may be improved via cooperation with
large weights, this may not be beneficial for clusters with less correlated parameters, and may even lead
to performance deterioration (an illustrative example is provided in Section V-B), which in turn worsens
the network MSD performance. Therefore, our aim is to optimize the inter-cluster cooperation weights in
(15), so that the cooperation between nodes from different clusters can be tuned to improve the network
MSD performance.
A. Inter-cluster Weights Optimization
The basic idea of our inter-cluster weights selection scheme is to choose the weights via optimization
of (59), which takes into account both the noise and data profile of each node and the correlation between
different parameters. Since directly optimizing (59) is computationally difficult, we instead find the inter-
cluster cooperation weights to minimize a proxy of (59). Specifically, we drop the fc,∞ term in (59), and
consider
ζ̂ =
1
N
(fa + fb)
T (IM2N2 −F)−1 vec(IMN ) (60)
instead. Numerical studies in Section V suggest that this approximation does not deviate from the actual
MSD (59) significantly.
It can be shown that when a uniform step-size is applied, i.e., µk = µ for all k, an upper bound for
the ζ̂ in (60) is given by
(61)c · Tr
[
µ2ATGTSGA+AT (IMN − G)TRw(IMN − G)A
]
.
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where c is a positive constant (see Appendix D for the derivation). By focusing on the terms that are
dependent on the inter-cluster cooperation weights matrix G, (61) can be re-written as
c · [vec(G)TK vec(G)− κT vec(G)] , (62)
where
K = [AAT ⊗ (µ2S +Rw)] ,
κ = 2 vec
[RwAAT ] .
Let y = vec(G), the optimal inter-cluster cooperation weights can be obtained by solving the following
centralized optimization problem, which is a quadratic programming problem [39]:
(P1) min
y
yTKy − κT y
s.t. g`k ≥ 0,
∑
`∈N+I,k
g`k = 1, g`k = 0, if ` /∈ N+I,k.
Although the centralized method can provide better optimization results in general, having a centralized
controller to compute the inter-cluster cooperation weights is not practical for some networks. Therefore,
in the sequel, we focus on a distributed optimization procedure based on a different upper bound of (59)
(see Appendix D):
c¯ · Tr [µ2GTSG + (IMN − G)TRw(IMN − G)] , (63)
where c¯ is a positive constant. To obtain the bound (63), we assume that the intra-cluster combination
matrix A is symmetric and doubly-stochastic2. This assumption seems to be restrictive, however combi-
nation rules like the Metropolis rule (see Section V) [14] which leads to symmetric and doubly-stochastic
combination matrices, are computationally convenient and lead to fairly good performance compared with
non-cooperative strategies [25]. Ignoring all terms in (63) independent of the inter-cluster weights {g`k},
we obtain
(64)µ2
N∑
k =1
{ N∑
` =1
[
µ2g2`kσ
2
v,` Tr(Ru,`)− 2g`k Tr(Rw,`k) + g`k
N∑
m =1
gmk Tr(Rw,`m)
]}
,
where
Rw,`k = Ew◦`w◦k
T , (65)
2A doubly stochastic matrix X satisfies XT1N = X1N = 1N .
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which is the (`, k)-th block of matrix Rw. To optimize (64), we can decompose it into N separate local
optimization problems for each node k as follows:
(P2) min
qk
qTk (Ωa,k + Ωb,k)qk − 2hTk qk
s.t. 1Tnkqk = 1, qk ≥ 0nk .
qk = col
{
(g`k)`∈N+I,k
}
, (66)
hk = col
{
(Tr(Rw,`k))`∈N+I,k
}
, (67)
Ωa,k = diag
{
(µ2σ2v,` Tr(Ru,`))`∈N+I,k
}
, (68)
Ωb,k = E[W Tk Wk], (69)
Wk = [w
◦
` ]`∈N+I,k , (70)
nk = |N+I,k|, (71)
where [w◦` ]`∈N+I,k denotes a matrix whose columns are w
◦
` for ` ∈ N+I,k. The problem (P2) is a quadratic
programming problem, which can be solved independently using standard techniques by each node k
[39].
B. Adaptive Implementation of the Distributed Method
In Section IV-A, we have implicitly assumed that the data profiles σ2v,k Tr(Ru,k), for k = 1, . . . , N ,
are known, which may not be the case in practical applications. We now present an online estimation
procedure similar to those in [14], [15], [40], [41] to adaptively estimate these statistics and update the
inter-cluster cooperation weights. For each ` ∈ NC,k, let x̂`k,i be the estimate of µ2σ2v,` Tr(Ru,`) made by
node k at time instant i. Then x̂`k,i can be updated recursively by the following moving-average method:
x̂`k,i = α · x̂`k,i−1 + (1− α) · ‖ψ`,i −wk,i−1‖2 , (72)
where the coefficient α is chosen from [0, 1].
Although in some applications the statistics Rw can be obtained by probing the underlying environment
before the network is deployed, we are interested in the cases that the Rw is not accessible and therefore
both Rw,`k and Tr (Rw,`k) are unknown for all ` and k. This is more practical because the correlation
information across the parameters may not be time-invariant, hence the network should be able to adapt
to changes in Rw. For realizing the adaptability over Rw, at time instant i, each node uses
τ̂`k,i = w
T
`,i−1wk,i−1 (73)
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as an instantaneous approximation for Tr (Rw,`k). Finally, the matrix Ωb,k can be approximated at each
time instant i by
Ω̂b,k,i = Ŵ
T
k,iŴk,i, (74)
where Ŵk,i = [w`,i−1]`∈N+I,k . Having x̂`k,i, τ̂`k,i, and Ω̂b,k,i obtained by (72), (73), and (74) respectively,
the distributed weights optimization method proposed in Section IV-A can then be implemented adaptively
as summarized in Algorithm 1.
Algorithm 1 MAIC with adaptive update of inter-cluster cooperation weights
1: Initialized with
wk,0 = 0M , x̂`k,0 = 0 for all k, weights gˆ`k,0 = 0.
2: for every node k at each time instant i ≥ 1 do
3: ψk,i = wk,i−1 + µkuk,i(dk,i − uTk,iwk,i−1)
4: Receive ψ`,i from all ` ∈ NC,k and compute:
x̂`k,i = α · x̂`k,i−1 + (1− α) · ‖ψ`,i −wk,i−1‖2
5: Receive w`,i−1 from all ` ∈ N+I,k and update:
τ̂`k,i = w
T
`,i−1wk,i−1
Ŵk,i = [w`,i−1]`∈N+I,k
6: Update the following quantities:
ĥk,i = col
{
(τ̂`k,i)`∈N+I,k
}
Ω̂a,k,i = diag
{
(x̂`k,i)`∈N+I,k
}
Ω̂b,k,i = Ŵ
T
k,iŴk,i
Ω̂k,i = Ω̂a,k,i + Ω̂b,k,i
7: Solve (P2) with quantities
hk, Ωa,k, Ωb,k, and Ωk replaced by
ĥk,i, Ω̂a,k,i, Ω̂b,k,i, and Ω̂k,i, respectively
to obtain the solution qˆk,i = col
{
(gˆ`k,i)`∈N+I,k
}
8: Perform inter-cluster cooperation:
φk,i =
∑
`∈N+I,k
gˆ`k,iψ`,i
9: Perform intra-cluster combination:
wk,i =
∑
`∈NC,k
a`kφ`,i
10: end for
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(a) Data profile (b) Network topology
Fig. 2: (a) Data and noise profile of each node. From top to bottom: i) noise power ii) input signal power iii) basic
parameter variance. (b) The network topology. The numbers next to the nodes are node indices.
V. SIMULATION RESULTS
In this section, we provide examples to compare the network MSD performance of MAIC to those
of some other strategies in the literature. The network we tested consists of 10 nodes as depicted in
Fig. 2b. The clusters C1, C2, and C3 are denoted by pink squares, green circles, and blue triangles,
respectively. The Metropolis rule is adopted because it results in a symmetric doubly-stochastic intra-
cluster combination matrix, and has low complexity and good performance in terms of both convergence
rate and steady-state MSD for single-task diffusion networks [14]. The Metropolis rule has intra-cluster
combination weights given by
a`k =

1
max{|NC,k|,|NC,`|} , if k 6= ` and ` ∈ NC,k,
1− ∑
`∈NC,k\{k}
a`k, if k = `,
0, otherwise.
(75)
All the experiment results are averaged over 10, 000 Monte-Carlo runs.
The performance of the following strategies will be compared in three different experiments in the
sequel:
(i) MAIC with the inter-cluster cooperation weights optimized by the centralized method in Section
IV-A by solving (P1).
(ii) MAIC with the inter-cluster cooperation weights optimized by the distributed method in Section
IV-A by solving (P2).
(iii) MAIC with inter-cluster cooperation weights selected adaptively by Algorithm 1.
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(a) Network MSD performance comparison (b) MSD model validation
Fig. 3: (a) Network MSD performance comparison amongst different strategies (i)-(vi). (b) Plots of simulated MSDs,
theoretical MSDs (Eq. (59)), and approximate theoretical MSDs (Eq. (60)) denoted by blue circles, purple triangles,
and pink squares, respectively, under different experiment settings: sv = 0.012 in the upper subplots and sv = 0.032
in the lower subplots.
(iv) MDLMS proposed by [33] with the cooperation weights selected by the averaging rule (11).
(v) MDLMS with adaptive regularization proposed in [36].
(vi) The conventional ATC strategy without inter-cluster cooperation. In this case, each cluster acts as
an independent subnetwork that performs ATC using the Metropolis combination rule. In [31], a
clustering strategy using adaptive adjustment of the inter-cluster cooperation weights was proposed,
which leads to no cooperation between clusters with different parameters if the cluster parameters are
known a priori and sensor measurements are noiseless. This comparison benchmark is then equivalent
to the ideal case in [31], and is used to avoid including errors introduced by the clustering strategy.
A. Illustrative Examples
The cluster parameters are chosen to be M × 1 random parameters with M = 2. The mean of each
random cluster parameter is set to be w = 0.7×1M , and the correlation matrix of the cluster parameters
is given by 
IM 0.9IM 0.5IM
0.9IM IM 0.5IM
0.5IM 0.5IM IM
 . (76)
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(a) sv = 0.012 (b) sv = 0.032
Fig. 4: Distributions of the cluster parameters {w◦Cp}3p=1 under two different settings of the coefficient sv: the
center red bars and black crosses are the medians and means of realizations of each parameter respectively, the
boxes’ upper and lower edges envelope 50 percent of realizations of each parameter, red crosses outside the upper
and lower black bars represent outliers.
The zero-mean regressor uk,i has covariance Ru,k = σ2u,kIM . Fig. 2(a) shows σ
2
u,k and the noise variances
σ2v,k. The covariance matrix of each parameter w
◦
k is svσ
2
w,kIM . We vary sv for different experiments
while keeping σ2w,k fixed as shown in Fig. 2(a). We can compute the (`, k)-th block of matrix Rw, i.e.,
Rw,`k = svγ`kσw,`σw,kIM + wwT , where γ`k is the correlation coefficient between w◦` and w◦k, shown
as the scalar multiplier in the (`, k) block entry in (76).
In this simulation, we set sv = 0.012, and the realizations of the cluster parameters {w◦Cp}3p=1 are
shown in Fig. 4(a). The step-size is set to µ = 0.05 for all the nodes. The learning coefficient is set to
α = 0.7 for Algorithm 1. To make a fair comparison, we make the assumption that the cluster information
is known a priori for the adaptive regularization method in [36] such that node clustering is not needed
and the regularization is now imposed on the inter-cluster information exchange only. In Fig. 3(a) and (b),
we can see that the approximate theoretical steady-state network MSDs computed using (60) with inter-
cluster cooperation weights obtained by the centralized optimization (P1) and the distributed optimization
(P2) match well with the simulated MSDs, and do not differ significantly from the theoretical steady-state
MSDs obtained from (59).
Fig. 3(a) also shows that the MAIC strategies with optimized inter-cluster cooperation weights (i.e.,
strategy (i), (ii), and (iii)) achieve lower steady-state MSDs than MDLMS with cooperation weights
selected by the averaging rule given in (11), and MDLMS with adaptive regularization. The regularization
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weight used is chosen to be η = 1, which minimizes the steady-state network MSD of MDLMS.
Fig. 5: Network MSD comparison in the non-stationary case.
In addition, we also compare the tracking performance of each strategy in a non-stationary environment
where the means and correlations of the cluster parameters change at the time instants i = 250m, for
m = 1, 2, 3. Specifically, we set w = 0.8 and (76) as the correlation matrix for 1 ≤ i < 250 and
750 ≤ i ≤ 1000, andw = 0.6, γ12 = γ23 = 0.5, γ13 = 0.1, for 250 ≤ i < 500,w = 1.2, γ12 = γ23 = γ13 = 0.1, for 500 ≤ i < 750.
The regularization weight is now set to η = 12 for both MDLMS with averaging rule and MDLMS
with adaptive regularization. From Fig. 5 we see that although MDLMS with adaptive regularization
improves over its counterpart with stationary weights chosen by the averaging rule, the proposed MAIC
strategies with optimized weights still achieve lower steady-state network MSDs. This is because the
adaptive regularization method still needs to tune the weight η that governs the total degree of inter-
cluster cooperation as in the conventional MDLMS [33]. Therefore the improvement by MDLMS with
adaptive regularization over MDLMS with averaging rule is limited.
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(a) Performance of cluster C2 (b) Performance of cluster C3
Fig. 6: Network MSD of clusters (a) C2 and (b) C3, when the regularization weight of MDLMS is η = 5. The
performance of these clusters do not benefit from the inter-cluster cooperation in MDLMS when compared with
ATC with no inter-cluster cooperation.
B. Benefits of Optimized Inter-cluster Cooperation
In this simulation, we set M = 1 and the means of the cluster parameters {w◦Cp}3p=1 are w = 1. The
correlation matrix of the cluster parameters is
1 γ12 0.5
γ21 1 0.5
0.5 0.5 1
 ,
where the correlation coefficients γ12 = γ21. The noise variances σ2v,k across all nodes are drawn
uniformly from [−15, −5]dB. Here, we use sv = 0.032, step-size µ = 0.1, η = 5, and all other
conditions remain unchanged as in Section V-A. We first fix γ12 = 0.9. From Fig. 6, it can be observed that
MDLMS using the averaging rule as well as MDLMS with adaptive regularization lead to a deterioration
in the steady-state MSD performance of C2 and C3 compared to the no inter-cluster cooperation ATC,
although the overall network performance is improved (see Fig. 7(a)). However, the MAIC strategies
with optimized weights are able to achieve better steady-state MSDs for all clusters compared to the no
inter-cluster cooperation ATC. This clearly shows the benefit of the inter-cluster weights selection scheme
proposed in Section IV. Next, we let the correlation coefficient γ12 range from 0.1 to 0.9 to examine how
much improvement is achieved against ATC without inter-cluster cooperation by different strategies. As
shown in Fig. 7, as γ12 increases, i.e., the parameters w◦C1 and w
◦
C2
become more correlated, the MSD
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(a) Network proformance (b) Network MSD gains
Fig. 7: Network MSD (a) and comparison of steady-state network MSD gains with respect to ATC with no inter-
cluster cooperation (b) when the regularization weight of MDLMS is η = 5.
(a) Network MSD under small mean differences (b) Network MSD under large mean differences
Fig. 8: Network MSD performance when differences between parameters are small (a) and large (b).
gains of the MAIC strategies with optimized weights become larger, whereas the MSD gain of MDLMS
with the averaging rule and adaptive regularization do not vary significantly.
C. Performance Comparison under Different Means
In the next simulation, we compare the performance of each strategy when different cluster parameters
have different means. We set sv = 0.032 and keep all the other settings the same as in Section V-A.
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Choose a δw ∈ (0, 1) The mean vectors of the three clusters are set to be wC1 = (1 − δw) × 1M ,
wC2 = 1M , and wC3 = (1 + δw) × 1M . When δw = 0.06 is small, it can be observed from Fig. 8(a)
that the MSD of each multitask diffusion strategy is still better than that for ATC without inter-cluster
cooperation. When δw = 0.3, Fig. 8(b) shows that the MSDs for all strategies except MAIC with weights
obtained by centralized optimization, are worse than the MSD for ATC without inter-cluster cooperation.
This is expected since in this case the cluster parameters are on average more different from each other,
and inter-cluster cooperation introduces errors into the diffusion process instead of improving the MSD
performance. However for MAIC with centralized optimization, the main diagonal entries of G become
dominant and the off-diagonal entries tend to zero as δw becomes large. This allows MAIC to decrease
the degree of inter-cluster cooperation to avoid estimation bias so that its performance is similar to that
of ATC without inter-cluster cooperation.
VI. CONCLUSION
We have proposed a multitask diffusion strategy that performs adaptation before inter-cluster cooper-
ation. We showed by error behavior analysis that this new strategy has the desirable property that mean
stability can be achieved regardless of the inter-cluster cooperation weights, which allows these weights
to be adjusted without compromising the network stability. We also proposed a centralized as well as
distributed method to optimize the inter-cluster cooperation weights in order to improve the steady-state
network MSD. Finally, we presented an adaptive implementation, which enables the network to update
the inter-cluster cooperation weights according to changes in the noise and data profile as well as the
cluster parameter statistics. In this work, we have assumed that node clusters are known a priori. For
future research, it would be interesting to investigate the problem of performing adaptive unsupervised
clustering simultaneously with the inter-cluster cooperation weight optimization.
APPENDIX A
PROOF OF THEOREM 1
Iterating (32) from the time instant i = 1 and then letting i→∞ on both sides gives
lim
i→∞
Ew˜i = lim
i→∞
Bi Ew˜0 + lim
i→∞
 i−1∑
j=0
Bj
 r (77)
if and only if the spectral radius of the matrix B, ρ(B), is less than one. We have
‖B‖b,∞ ≤
∥∥ATGT∥∥
b,∞ · ‖IMN − µRu‖b,∞
= ‖IMN − µRu‖b,∞ , (78)
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where the last equality follows since both A and G are left stochastic matrices and
∥∥ATGT∥∥
b,∞ =∥∥ATGT∥∥∞ = 1 from Lemma D.4 of [14]. Therefore, if
‖IMN − µRu‖b,∞ < 1, (79)
then ρ (B) ≤ ‖B‖b,∞ < 1, and MAIC achieves mean-stability. The step-size condition (36) now follows
from (79).
In addition, when Assumption 4 is satisfied, from (34) we have r = Er = 0NM . From (77), we then
readily obtain lim
i→∞
Ew˜i = 0NM if B is stable, which implies that MAIC achieves an asymptotically
unbiased estimation, and the proof is complete.
Note that the mean stability condition (79) and the resulting condition (36) are also valid in the case
where the cluster parameters are deterministic. Moreover, if the parameters are deterministic and are
the same for every cluster, then it is easy to verify that r = 0, and both the proposed MAIC and the
multi-task diffusion strategy proposed in [33] reduce to the conventional single-task ATC strategy where
only one cluster (which is the whole network) exists.
APPENDIX B
PROOF OF THEOREM 2
Iterating the variance relation (49) from i = 1 we have
E ‖w˜i‖2σ = E ‖w˜0‖2Eiσ + (fa + fb)T
 i−1∑
j=0
Ej
σ + i−1∑
j=0
[fc,i−j−1]T Ejσ. (80)
Letting i→∞, the first and second terms on the R.H.S. of the above equation converges to zero and a
finite value, respectively, if and only if E i → 0 as i→∞, i.e., the matrix E is stable. From (52), we can
rewrite the third term of (80) as
2
i−1∑
j=0
[BIE (w˜i−j−1 ⊗ r)]T Ejσ. (81)
The matrix BI and vector σ in (81) have finite entries. In Appendix C, we show that E (w˜i−1 ⊗ r) is
uniformly bounded if matrix B is stable. In addition, we have
cξ = ‖E‖ξ < 1, (82)
for some norm ‖·‖ξ, if matrix E is stable. Therefore, by applying the Cauchy–Schwarz inequality to each
term of the sum in (81), and by norm equivalence we have∣∣∣[BIE (w˜i−j−1 ⊗ r)]T Ejσ∣∣∣ ≤ a · cjξ, (83)
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for some positive constant a. Since cjξ → 0 as j →∞, the series,
i−1∑
j=0
∣∣∣[BIE (w˜i−j−1 ⊗ r)]T Ejσ∣∣∣ (84)
converges as i→∞, which implies the absolute convergence of (81), and the proof is complete.
APPENDIX C
From the error recursion (26), applying the Kronecker product with r on both sides we have:
w˜i ⊗ r = (Biw˜i−1)⊗ r − si ⊗ r + r ⊗ r. (85)
Note that
(Biw˜i−1)⊗ r = (Bi ⊗ IMN )(w˜i−1 ⊗ r), (86)
hence taking expectation on the both sides of (85) we obtain
E(w˜i ⊗ r) = BIE(w˜i−1 ⊗ r) + E(r ⊗ r). (87)
Recalling (31) and (51), and applying the identity a ⊗ a = vec(aaT ), we find that the last term on the
R.H.S. of (87) equals to
fb = vec
[AT (IMN − G)TRw(IMN − G)A] .
Since BI = B⊗ IMN , thus BI is stable if matrix B is stable. Therefore, when B is stable, (87) is a BIBO
stable recursion with bounded driving term fb. As a result, E(w˜i ⊗ r) converges and thus is uniformly
bounded. Letting i→∞, it is easy to obtain from (87) that
E(w˜∞ ⊗ r) =
[
(IMN − B)−1 ⊗ IMN
]
fb. (88)
APPENDIX D
UPPER BOUNDS FOR STEADY-STATE NETWORK MSD USED IN SECTION IV-A
Since F is required to be stable to ensure the mean-square stability of (55), we have
(IM2N2 −F)−1 =
∞∑
j=0
F j , (89)
Then substituting (53) and (89) into (60), and applying identities vec(AXB) = (BT ⊗ A) vec(X) and
Tr(AB) = vec(AT )T vec(B), we have
ζˆ =
1
N
∞∑
j=0
Tr
(
BjXBT j
)
, (90)
28
where matrix X is given by
X = µ2ATGTSGA+AT (IMN − G)TRw(IMN − G)A. (91)
From Lemma D. 2 of [14], we obtain
1
N
∞∑
j=0
Tr
(
BjXBT j
)
≤ b
N
·
∞∑
j=0
∥∥Bj∥∥
b,∞ · ‖X‖b,∞
∥∥∥BT j∥∥∥
b,∞
≤ b ·
 ∞∑
j=0
‖B‖2jb,∞ ‖X‖b,∞

≤ b ·
 ∞∑
j=0
β2j ‖X‖b,∞

≤ b
1− β2 · ‖X‖b,∞ (92)
≤ c · Tr (X ) , (93)
where we use (78) in the third inequality, b and c are positive constants, and β = ‖IMN − µRu‖b,∞ < 1.
The R.H.S. of (93) is the bound (61) in Section IV-A.
Next, we assume that the matrix A is symmetric so that A is as well. From the (92), we obtain
1
N
∞∑
j=0
Tr
(
BjXBT j
)
≤ b
1− β2 · ‖X‖b,∞
≤ b
1− β2 ·
∥∥AT∥∥2
b,∞ · ‖Y‖b,∞
=
b
1− β2 · ‖Y‖b,∞
≤ c¯ · Tr (Y) , (94)
where c¯ is a positive constant. In the third inequality we use the fact
∥∥AT∥∥
b,∞ = 1, and the matrix Y is
given by
Y = µ2GTSG + (IMN − G)TRw(IMN − G). (95)
This is the bound (63) in Section IV-A.
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